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MCSHANE-TYPE IDENTITIES FOR AFFINE 
DEFORMATIONS 

VIRGINIE CHARETTE AND WILLIAM M. GOLDMAN 


Abstract. We derive an identity for Margulis invariants of affine 
deformations of a complete orientable one-ended hyperbolic sur¬ 
face following the identities of McShane, Mirzakhani and Tan- 
Wong-Zhang. As a corollary, a deformation of the surface which 
infinitesimally lengthens all interior simple closed curves must in¬ 
finitesimally lengthen the boundary. 


Introduction 

Beginning with McShane [26], sums of geometric quantities over the 
simple closed curves on a surface £ have been shown to exhibit remark¬ 
able properties, such as being constant over the deformation space of 
geometric structures on £. Let #(£) denote the Fricke space, consisting 
of isotopy classes of marked complete hyperbolic structures on £. If 7 
is a closed curve on a marked hyperbolic surface X, then the function 

S(£) —► K 

assigning to X the length of the closed geodesic on X (or 0 if 7 is 
homotopic to a cusp) is a basic quantity, depending on the homotopy 
class of 7. See Abikoff [2] and Wolpert [40], §3 for background on hy¬ 
perbolic Riemann surfaces, where $(£) identifies with the Teichmuller 
space of Ti by the uniformization theorem. 
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Mirzakhani [28] and Tan-Wong-Zhang [36] express the length of a 
boundary component as an infinite series of functions of the lengths of 
interior curves. (Compare also Hu-Tan-Zhang [19] and Wolpert [40], 
pp. 86-87.) This led Mirzakhani to new calculations of the Wcil- 
Petersson volume of the moduli space of curves. 

In another direction, Labourie-McShane [23] found identities involv¬ 
ing quantities generalizing geodesic lengths for Hitchin representations 
of 7 Ti(E) into SL(n, R). For n — 3, these quantities are the geodesic 
length functions for the Hilbert metric on convex RP 2 -structures on £. 
In contrast, our identities are the first such identities for a non-reductive 
Lie group. 

Closely related to hyperbolic structures on sufraces are flat Lorentzian 
structures on 3-manifolds, that is, geometric structures modeled on 
Minkowski space E 2,1 and groups of (Lorentzian) isometries. A Mar- 
gulis spacetime M 3 is a quotient E 2 , 1 /T, where T C lsom(E 2,1 ) is a 
discrete group of Lorentzian isometries which acts properly and freely 
on M. We assume T is not solvable, as the solvable cases are easily 
classified (Fried-Goldman [12]). Then M 3 is an geodesically complete 
flat Lorentzian manifold with free fundamental group F. It is nec¬ 
essarily orientable ([7]). The linearization lsom + (E 2,1 ) —> SO(2,1) 
maps T isomorphically onto a discrete subgroup of SOto = lsom(H 2 ) 
([12]). Therefore, associated to M 3 is a complete hyperbolic surface 
X = H 2 /r 0 . Just as essential closed curves in X are canonically homo¬ 
topic to unique closed geodesics (having length Ixflf)), nonparabolic 
closed curves in M are canonically homotopic to closed geodesics which 
are necessarily spacelike. These geodesics have a natural Lorentzian 
length a(y), called the Margulis invariant, as this quantity was discov¬ 
ered and developed by Margulis [25, 24], Such a geodesic is the quotient 
of a line Axis(y) upon which 7 acts by translation of Lorentzian dis¬ 
placement 0 ( 7 ). This is similar to how £( 7 ) measures the minimal 
displacement of the linear part of 7 acting isometrically on H 2 . (Com¬ 
pare the survey articles Abels [1], Charette-Drumm [ 6 ], Drunnn [11] 
and Gueritaud [18] for background on these geometric structures.) 

This paper develops an identity for Margulis spacetimes for the Mar- 
gulis invariants a( 7 ) analogous to McShane’s identity for hyperbolic 
surfaces. 

The Lie group of interest here is the tangent bundle Lie group TG (see 
below)a of the isometry group G = lsom(H 2 ) of the hyperbolic plane H 2 . 
The Lie algebra g of G naturally identifies with the Lorentzian vector 
space R 2,1 , and Ad identifies with the isometric action of G = SO(2,1) 
on R 2,1 . The affine space E 2 ' 1 identifies with the quotient TG/Og by 
the zero-section. 
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Given any Lie group G with Lie algebra g, the tangent bundle of G 
enjoys a Lie group structure as the semidirect product 


( 1 ) 


TG G xiAd 0 


where G > Aut(g) is the adjoint representation. Then g is an abelian 
normal subgroup, and the zero-section 


G 


0 G 


» TG 


embeds G as a subgroup of TG which is not normal. 

This can be elegantly described in terms of base change R ‘-A R[e], 
where R[e] is the R-algebra of dual numbers. (Here e is an indeterminate 
with e 2 = 0). Suppose G is the group G(R) of R-points of an algebraic 
group scheme G. Then TG — G(R[e]) and 

Hom(r, TG) = Hom(T, G(R[e]) = (Hom(T, G) (R[e]) = THom(T, G) 

is the Zariski tangent bundle of the representation variety Horn (T,Cr). 
In particular homomorphisms T —> TG correspond to a homomor¬ 
phism T —^A G and an infinitesimal deformation of p, that is, a tangent 
vector in T / 3 (Hom(T, G)). 

We obtain an identity for affine deformations T of a Fuchsian group 
To by differentiating the basic length identity for To- To simplify no¬ 
tation, define two functions H(u,v ) and K(u,v ): 

H(u,v):= 1 1 


K(u, v) := 


X _|_ e (u+v)/2 

1 


X _|_ e (u-v)/2 

1 


sinh(u/2) 


1 + e( u+v T 2 1 + e^ u ~ v T 2 cosh(ri/2) + cosh(n/2) 


Theorem 1 . Let X = H 2 /T 0 be a complete one-ended orientable hyper¬ 
bolic surface. For any affine deformation o/T 0 , the Margulis invariants 
satisfy: 

1- H(e x ( 7i)+M72Uy(3))} <*(3) 

(7l>72}eC 

= K(£ x (l\) +^x(72),^a( 9)) (a(7i) + 0(72)). 

{ 71 ,72>6C 

Here C denotes the set of unordered pairs of isotopy classes of simple 
closed curves such that 71,72 and dX cobound an embedded 3-holed 
sphere in X. 


Theorem 1 implies the following result in hyperbolic geometry: 
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Corollary 2. Suppose that X is a complete one-ended orientable hy¬ 
perbolic surface. Let X t be a deformation of hyperbolic surfaces such 
that the derivative of the length satisfies : 

> 0 

for all simple closed curves 7 C interior(A). Then 

iM d) > °- 

Yair Minsky pointed out that this corollary can also be deduced from 
Bestvina-Bromberg-Fujiwara-Souto [3], using the convexity of length 
functions with respect to shear deformations. Frangois Gueritaud ob¬ 
served that this corollary also follows from the theory of strip deforma¬ 
tions developed in his collaboration [9, 10, 18] with Jeffrey Danciger 
and Fanny Kassel. In particular, he described deformations where all 
the interior simple loops lengthen, and all but one boundary component 
lengthens. 

McShane [27] also discusses differentiated length identities and rear¬ 
rangements of absolutely convergent series. Papadopoulos-Thefet [31] 
explains a construction of Thurston’s which shortens (or lengthens) all 
closed geodesics; see also [9, 10, 18, 15]. 

A direct application of the technique of Labourie-McShane [23] fails, 
since the cross-ratios of [23] will not apply directly to the non-reductive 
group lsom + (E 2,1 ). However, a generalization of these cross-ratios which 
includes infinitesimal information may give an alternate proof of our 
results. 

As noted above, McShane’s original identity [26] concerned once- 
punctured tori. The generalized McShane identity for a bordered ori¬ 
entable hyperbolic surface A" is due, independently, to Tan-Wong- 
Zhang [36] and Mirzakhani [28]. Norbury [30] extended the identity 
to include non-orientable surfaces. In subsequent work we consider 
identities for affine deformations when X is possibly nonorientable and 
may have more than one end. 
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1. Deformations and the Margulis invariant 

The Fricke space 5(H) embeds in the quotient space Hom(r, G)/G, 
where G acts on the M-algebraic set Hom(r,G) by left-composition 
with inner automorphisms of G. Here G = lsom(H 2 ) = SO(2,1), and 
indeed 5(H) embeds as a connected component of Hom(r, G)/G. Open¬ 
ness of 5(H) in Hom(r,G)/G was first proved by Weil [38] . (See also 
Raghunathan [32], Theorem 6.19). It is a special case of the openness 
of the holonomy map, which was first noticed by Thurston; compare 
the discussion in Theorem 7.2 of Kapovich [20], Goldman [14], Canary- 
Epstein-Green [5] and Koszul [22], Chapter IV, §3, Theorem 3. 

Closedness is originally due to Chuckrow [8] in this particular con¬ 
text, but it follows from Kazhdan-Margulis uniform discreteness [21]; 
see Chapter VIII of [32] , §4.12 of Kapovich [20], or §4.1. of Thurston [37] 
(See also Goldman-Millson [13].) The Fenchel-Nielsen coordinates im¬ 
ply that 5(H) ~ ]j6g-6+36 is connected, completing the proof that 
5(H) is a connected component of Hom(r,G)/G. (See, for example, 
Buser [4], Abikoff [2], Thurston [37], §4.6 or Wolpert [40] for details.) 

Tangent vectors to 5(H) identifies with affine deformations of Fucli- 
sian representations of 7Ti(S) = r 0 C G. An affine deformation of r 0 
consists of a lift of r 0 C SO(2,1) to: 

lsom + (E 2,1 ) 

p 

W L 
/ '' 

--SO(2,l) 

where E 2,1 is 3-dimensional Minkowski space, that is, a simply con¬ 
nected geodesically complete flat Lorentzian 3-manifold, and L is pro¬ 
jection onto the linear part. Affine deformations of Fuchsian groups 
arise as holonomy groups of Margulis spacetimes, complete flat Lorentz 
3-manifolds with free fundamental group. 

Affine deformations correspond to infinitesimal deformations of the 
hyperbolic structure on the quotient surface £ 0 := H 2 /r 0 , using the 
identification of lsom + (E 2,1 ) with the tangent bundle Lie group as in 
(1). The infinitesimal deformation theory was developed by Weil [39] 
(see also Raghunathan [32], §6), whereby the tangent space to 5(H) 
identifies with the cohomology group of vri(E) with coefficients in the 
composition of the holonomy representation with the adjoint represen¬ 
tation SO(2,1) —* Aut(so(2,1)). 

The tangent space to the Fricke space at X identifies with H 1 ( r,g), 
where T is the image of the holonomy representation for X and g is the 
Lie algebra of the group of isometries of the hyperbolic plane. Since 
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g = R 2,1 , a tangent vector V corresponds to an affine deformation of 
T, that is, a group of affine isometries of the Minkowski spacetime R 2,1 . 
Given 7 G T, the affine deformation of 7 acts by translations on a 
unique invariant spacelikc line Axis(7). The signed Lorentzian distance 
under which this translation displaces is called the Margulis invariant 
0(7) of the affine deformation. 

A deformation of hyperbolic surfaces X t is a one-parameter family 
of marked hyperbolic surfaces of fixed topology, varying smoothly in 
t G [a, b], where [a, b] G R is a closed interval. The space of equiva¬ 
lence classes of marked hyperbolic surfaces forms a smooth manifold, 
corresponding to a smooth submanifold of the space of representations 
717 (X) — > S0(2,1). Thus a deformation X t corresponds to a smooth 
path of holonomy representations pt in the top-dimensional stratum of 
Horn( 717 (X), SO(2,1)). Infinitesimal deformations of X correspond to 
tangent vectors in this space, and also to affine deformations defined 
above. The Margulis invariant equals the derivative of the geodesic 
length function lx t ( 7 ) at t — 0 (Goldman-Margulis [17]). 

By [16], the R-valued function 7 1 —>• on T 0 extends to a 

continuous function on the compact set of geodesic currents when T 0 
is convex cocompact, and is therefore bounded. Thus 

(2) |a(7)l < «^(7) 

for some 0 < a and all 7 G T. Inequality (2) also holds when T 0 is only 
assumed to finitely generated; for the elementary argument (which uses 
trace identities in SL(2)), see [15]. 

2. Length identities for simple geodesics 

Let X be a complete hyperbolic surface with one end, which we 
denote d. The length of a closed geodesic 7 in X will be written lx ( 7 ), 
or simply £( 7 ), when the context is clear. When 7 is peripheral, then 
defining txfi) to be zero makes the function X 1 —> Ixff) continuous 
on the deformation space. 

The end of X lies in various three-holed spheres such that the other 
two ends correspond to simple closed geodesics 71,72 C X. (These 
curves coincide when g = 1.) The set C of isotopy classes of such 
subsurfaces identifies with the set of subsets {71,72} of isotopy classes 
of simple closed curves such that d, 7 j, 7 k cobound a three-holed sphere 
in X. Set: 

0(x,):= ]T »((V(9),N,(7l),N,(72)) 

{71,72} 6 c 


( 3 ) 
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where T> is the continuous function: 


( 4 ) 


T>(x,y,z) \= 2 log 


e x/2 _j_ e (y+z)/2 


g-x/2 e (y+z)/2 

The generalized McShane identity for one-ended orientable X is: 


lx{d) = 0(X). 

We briefly discuss the convergence of this series, as the ideas will be 
crucially used when we differentiate it. The key idea is that while the 
number of simple closed geodesics grows polynomially, the summands 
in these series decay exponentially. 

Break C into a countable disjoint union of finite sets Cn as follows. 
For every nonnegative integer N, 


Cn ■— 


{{71,72} e C 


N< (£(7i)+% 2 )) <iV + l} 


is finite with cardinality 

(5) | Cn |< m(N + I ) 69-4 

(Mirzakhani [29], Proposition 3.1 (3.15) and Rivin [33](1)). Compare 
also Rivin [34] and Wolpert [40] for further discussion. 

The constant m = m(g , Q) depends only on the genus g and a quan¬ 
tity Q defined as follows. Choose e > 0 sufficiently small so that closed 
geodesics shorter than e do not intersect, such as 

e < 2 sinh _ 1 (l) = 21 og(l + \/ 2 ); 

compare Buser [4], §4. The Margulis lemma and the collar lemma imply 
only finitely many such geodesics exist. Explicitly, any set of disjoint 
closed geodesics extends to a pants decomposition. Let b denote the 
number of ends of X. Since the number of pants equals — x where 
X = 2 — 2g — b is the Euler characteristic, at most 3g — 3 + b closed 
geodesics are shorter than e. 

Let Q be the product of the inverses of the lengths of these geodesics. 
By taking t in an interval [a, b] containing 0, the continuity of Q implies 
we can choose m so that inequality (5) holds for all t G [a, b\ although 
the finite subsets Cn may vary with t. 

To prove that the series (3) converges absolutely, rearrange its terms 
as follows: 

OO 

/(f) •= opr,) = Y, Mt) 

N =0 
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where /jv(t) denotes the finite sum of positive terms: 

(6) /jvW := ^2 ®(7i)>-6^(72)) • 

(7ii72}eCjv 

Lemma 3. 

(7) |D(x, y, z)\ < 4sinh(x/2) exp (— (y + z)j 2). 
Proof. Let X = e x / 2 > 0 and Y = e^ +z ^ 2 > 0. Write 

~ x + r 


= 2 log 


where 


X + Y 


= 1 + 


X- 1 + Y 
X - X- 1 


X- 1 + Y X- 1 + Y ' 

Using the estimate 0 < log(l + u) < u for u > 0, and taking u = 

(x-x- 1 )/(x - 1 + u), 


T>(x,y,z) = 2 log 


x + r 


< 2 


x-x 


-1 


X- 1 + Y J - X- 1 + Y 

< 2 (x-x _ 1 )y _1 

= 4sinh(x/2)e- (2/+z)/2 . 


□ 


Combine (5) with (7), and the definition (6) of /tv, obtaining: 

\f N (t)\ < A n := Am sinh (i x {d)/2 )(X + 

Since A N < 00 , the series (3) for the generalized McShane identity 
converges uniformly and absolutely. 

3. Differentiating length identities 

Now differentiate the generalized McShane identity to establish uni¬ 
form absolute convergence of ^/jv(0 - The partial derivatives 

dT>(x,y,z) 


( 8 ) 


dx 

dD^x^y^z) &D(x,y,z) 


dy 


dz 


= H(y + z,x), 
= K(-y ~ z,x) 


decay exponentially as well: 

( 9 ) 


dV 


&D 


dV 

dx 

5 

dy 


dz 


< 2 cosh(|x|/2) exp ( — (y + z)/2 ) 
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Lemma 4. The derivative f' N (t) is the sum over {71,72} G C x of 
terms: 

—T)^Xt(d),£xt{ r yi)Jx t { r y2)) = 

H{£ x {t\) +-6c(72),-Md)) a (d) + 

K(l x irf\) + Zx{l2),lx(d)) (a(71) + “(72)) 

Proof. Apply (8) and the chain rule. □ 

By (9), the coefficient H(£ Xt ( 7 i) + ^x t (l 2 )^x t (d)) of ot{d) and the 
coefficient K(£ Xt (71 ) + ^x t (l2)i^x t {d)) of a( 71 ) + a( 72 ) above are each 
bounded by 

2 cosh (i Xt (d)/ 2 ) exp ( - (£x(li) + PxM/?)- 
The contributions from the first term for {71,72} G C x are bounded by 
2 cosh {l Xt {d)/2)\a{d)\ e~ N/2 

and the contributions from the second terms are bounded by 
4cosh (£ Xt (d)/2)\a(-f 1 ) + a( 72 )|e _7V/2 

< 8 cosh {£x t (d)/2)K Ne~ N ' 2 

using the linear bound for the Margulis invariant ( 2 ). Adding these 
contributions, |/^(t)| is bounded by 

M n := 4mcosh (£ Xt (d)/2) (2nN + |a(5)|)(Af + l) 6 s,_ 4 e _A//2 . 

Proposition 5. Let Xt be a smooth path of marked complete orientable 
one-ended hyperbolic surfaces tangent to an affine deformation with 
Margulis invariant a. Then: 

(h(£ x { 7 1 )+M7 2 ),M3))a(3) 

{71,72}SC V 

+ K(£ x (ji) + £x{l 2 ),£x(d)) ( 0 ( 71 ) + 0 ( 72 )^ • 
converges absolutely to a(d). 

Proof. Evidently < 00 , and \f' N (t)\ < M N . Then f' N (t) con¬ 

verges uniformly and absolutely to f(t) (see, for example, Rudin [35]). 

□ 


Theorem 1 follows from Proposition 5. Corollary 2 now follows from 
Proposition 5 and the following lemma: 
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Lemma 6. (Mirzakhani) 

H{lx( 7 i ) + £x(72),£x(d)) > 1 

(71:72}eC 

Proof. Differentiate H(x, y ) with respect to y , obtaining, for x, y > 0: 

( 10 ) = exp (Q - y)/2)(e x - l)(e y - 1 ) 

^ {l + exp ((x - y)/2) } 2 {l + exp ((x + y)/2 )}' 

For fixed x, y > 0 set: 

f(L) :=LH(x + y,L)-V(L,x,y) 
where L > 0. Now /(0) = 0, and: 


> 0 


f(L) = / f'(u)du = u 


dH(x + y, u ) 
du 


du > 0 , 


that is, D(x, y 1 L)/L < H(x + y, L ). 

Let L = £x(d). Then: 

1= D(L,£ x ( 7l ),^( 72 ))/L 

(7l,72}eC 

ff(M 7 i) + M 72 ),£)) 


< 


{71 i72>SC 

as desired. 

Proof of Corollary 2. Apply Proposition 5, obtaining: 


□ 


1 - ^ H(£ x (ri+ixMJxid)) )a(d) 

{ 7 l> 72 }eC 

= ^2 K (£ x ( 7 i) + £xil2),£x(d)) («(7i) + "( 72 )) 

{71 i72>SC 

By Lemma 6 , the coefficient on the left-hand side is negative. By ( 8 ), 
each coefficient on the right-hand side is negative also. If all a( 7 ) > 0 
for interior curves, then a(d) > 0 as desired. □ 


References 

1. Herbert Abels, Properly discontinuous groups of affine transformations: a sur¬ 
vey , Geom. Dedicata 87 (2001), no. 1-3, 309-333. MR 1866854 

2. William Abikoff, The real analytic theory of Teichmuller space , Lecture Notes 
in Mathematics, vol. 820, Springer, Berlin, 1980. MR 590044 

3. Mladen Bestvina, Ken Bromberg, Koji Fujiwara, and Juan Souto, Shearing 
coordinates and convexity of length functions on Teichmuller space, Amer. J. 
Math. 135 (2013), no. 6, 1449-1476. MR 3145000 





AFFINE MCSHANE IDENTITIES 


11 


4. Peter Buser, Geometry and spectra of compact Riemann surfaces, Progress 
in Mathematics, vol. 106, Birkhauser Boston, Inc., Boston, MA, 1992. 
MR 1183224 

5. R. D. Canary, D. B. A. Epstein, and P. Green, Notes on notes of Thurston , An¬ 
alytical and geometric aspects of hyperbolic space (Coventry/Durham, 1984), 
London Math. Soc. Lecture Note Ser., vol. Ill, Cambridge Univ. Press, Cam¬ 
bridge, 1987, pp. 3-92. MR 903850 

6 . Virginie Charette and Todd A. Drumm, Complete Lorentzian 3-manifolds, Ge¬ 
ometry, groups and dynamics, Contemp. Math., vol. 639, Amer. Math. Soc., 
Providence, RI, 2015, pp. 43-72. MR 3379819 

7. Virginie Charette, Todd A. Drumm, and William M. Goldman, Finite-sided 
deformation spaces of complete affine 3-manifolds , J. Topol. 7 (2014), no. 1, 
225-246. MR 3180618 

8 . Vicki Chnckrow, On Schottky groups with applications to kleinian groups , Ann. 
of Math. (2) 88 (1968), 47-61. MR 0227403 

9. Jeffrey Danciger, Frangois Gueritaud, and Fanny Kassel, Geometry and topol¬ 
ogy of complete lorentz spacetimes of constant curvature , Ann. Sci. E.N.S. 49 
(2016), no. 1, 1-56. 

10. Jeffrey Danciger, Frangois Gueritaud, and Fanny Kassel, Margulis spacetimes 
via the arc complex , Invent. Math. 204 (2016), no. 1, 133-193. MR 3480555 

11. Todd A. Drumm, Lorentzian geometry , Geometry, topology and dynamics of 
character varieties, Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap., vol. 23, 
World Sci. Publ., Hackensack, NJ, 2012, pp. 247-280. MR 2987620 

12. David Fried and William M. Goldman, Three-dimensional affine crystallo¬ 
graphic groups , Adv. in Math. 47 (1983), no. 1, 1-49. MR 689763 

13. W. M. Goldman and J. J. Millson, Local rigidity of discrete groups acting on 
complex hyperbolic space , Invent. Math. 88 (1987), no. 3, 495-520. MR 884798 

14. William M. Goldman, Geometric structures on manifolds and varieties of rep¬ 
resentations i, Geometry of group representations (Boulder, CO, 1987), Con- 
temp. Math., vol. 74, Amer. Math. Soc., Providence, RI, 1988, pp. 169-198. 
MR 957518 

15. William M. Goldman, Frangois Labourie, Gregory Margulis, and Yair Minsky, 
Geodesic laminations and proper affine actions , (in preparation). 

16. William M. Goldman, Frangois Labourie, and Gregory Margulis, Proper affine 
actions and geodesic flows of hyperbolic surfaces, Ann. of Math. (2) 170 (2009), 
no. 3, 1051-1083. MR 2600870 (2011b:30109) 

17. William M. Goldman and Gregory A. Margulis, Flat Lorentz 3-manifolds and 
cocompact Fuchsian groups, Crystallographic groups and their generalizations 
(Kortrijk, 1999), Contemp. Math., vol. 262, Amer. Math. Soc., Providence, RI, 
2000, pp. 135-145. MR 1796129 (2001m:53124) 

18. Frangois Gueritaud, On Lorentz spacetimes of constant curvature, Geometry, 
groups and dynamics, Contemp. Math., vol. 639, Amer. Math. Soc., Providence, 
RI, 2015, pp. 253-269. MR 3379833 

19. Hengnan Hu, Ser Peow Tan, and Ying Zhang, A new identity for SL(2,C)- 
characters of the once punctured torus group, Math. Res. Lett. 22 (2015), no. 2, 
485-499. 

20. Michael Kapovich, Hyperbolic manifolds and discrete groups, Progress in Math¬ 
ematics, vol. 183, Birkhauser Boston, Inc., Boston, MA, 2001. MR 1792613 


12 


CHARETTE AND GOLDMAN 


21. D. A. Kazdan and G. A. Margulis, A proof of Selberg’s hypothesis, Mat. Sb. 
(N.S.) 75 (117) (1968), 163-168. MR 0223487 

22. J.-L. Koszul, Lectures on groups of transformations, Notes by R. R. Simha 
and R. Sridharan. Tata Institute of Fundamental Research Lectures on Math¬ 
ematics, No. 32, Tata Institute of Fundamental Research, Bombay, 1965. 
MR 0218485 

23. Frangois Labourie and Gregory McShane, Cross ratios and identities for higher 
Teichmuller-Thurston theory , Duke Math. J. 149 (2009), no. 2, 279-345. 
MR 2541705 (2010h:32008) 

24. G. A. Margulis, Free completely discontinuous groups of affine transformations, 
Dokl. Akad. Nauk SSSR 272 (1983), no. 4, 785-788. MR 722330 

25. _, Complete affine locally flat manifolds with a free fundamental group, 

Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 134 (1984), 
190-205, Automorphic functions and number theory, II. MR 741860 

26. Greg McShane, Simple geodesics and a series constant over Teichmuller space, 
Invent. Math. 132 (1998), no. 3, 607-632. MR 1625712 (99i:32028) 

27. _, On the variation of a series on Teichmuller space, Pacific J. Math. 

231 (2007), no. 2, 461-479. MR 2346506 

28. Maryam Mirzakhani, Simple geodesics and Weil-Petersson volumes of moduli 
spaces of bordered Riemann surfaces, Invent. Math. 167 (2007), no. 1, 179-222. 
MR 2264808 (2007k:32016) 

29. _, Growth of the number of simple closed geodesics on hyperbolic surfaces, 

Ann. of Math. (2) 168 (2008), no. 1, 97-125. MR 2415399 (2009c:32027) 

30. Paul Norbury, Lengths of geodesics on non-orientable hyperbolic surfaces, 
Geom. Dcdicata 134 (2008), 153-176. MR 2399656 (2009b:32021) 

31. Athanase Papadopoulos and Guillaume Theret, Shortening all the simple closed 
geodesics on surfaces with boundary, Proc. Amer. Math. Soc. 138 (2010), no. 5, 
1775-1784. MR 2587462 

32. M. S. Raghunathan, Discrete subgroups of Lie groups, Springer-Verlag, New 
York-Heidelberg, 1972, Ergebnisse der Mathematik und ihrer Grenzgebiete, 
Band 68. MR 0507234 

33. Igor Rivin, Simple curves on surfaces, Geom. Dedicata 87 (2001), no. 1-3, 
345-360. MR 1866856 (2003c:57018) 

34. _, A simpler proof of Mirzakhani’s simple curve asymptotics, Geom. Ded¬ 

icata 114 (2005), 229-235. MR 2174101 (2006g:57033) 

35. Walter Rudin, Principles of mathematical analysis, third ed., McGraw-Hill 
Book Co., New York-Auckland-Diisseldorf, 1976, International Series in Pure 
and Applied Mathematics. MR 0385023 (52 #5893) 

36. Ser Peow Tan, Yan Loi Wong, and Ying Zhang, Generalizations of McShane’s 
identity to hyperbolic cone-surfaces, J. Differential Geom. 72 (2006), no. 1, 
73- 112. MR 2215456 (2007a:53087) 

37. William P. Thurston, Three-dimensional geometry and topology. Vol. 1, Prince¬ 
ton Mathematical Series, vol. 35, Princeton University Press, Princeton, NJ, 
1997, Edited by Silvio Levy. MR 1435975 

38. Andre Weil, On discrete subgroups of Lie groups, Ann. of Math. (2) 72 (1960), 
369-384. MR 0137792 

39. _, Remarks on the cohomology of groups, Ann. of Math. (2) 80 (1964), 

149-157. MR 0169956 







AFFINE MCSHANE IDENTITIES 


13 


40. Scott A. Wolpert, Families of Riemann surfaces and Weil-Petersson geometry , 
CBMS Regional Conference Series in Mathematics, vol. 113, Published for the 
Conference Board of the Mathematical Sciences, Washington, DC; by the Amer¬ 
ican Mathematical Society, Providence, RI, 2010. MR 2641916 (2011c:32020) 

Charette: Departement de mathematiques, Universite de Sherbrooke, 
Sherbrooke, Quebec J1K 2R1 Canada 
E-mail address : v.charette@usherbrooke.ca 

Goldman: Department of Mathematics, University of Maryland, Col¬ 
lege Park, MD 20742 USA 

E-mail address: wmg@math.umd.edu 


